In the present contribution, the Hirota-Satsuma coupled KdV hierarchy on noncommutative phase-space is investigated using the noncommutative extension of Lax pair generating technique. In particular, the explicit representation of its associated Lax pair operators is constructed. It is shown that the obtained results for phase-space noncommutativity case reduce back to the standard commutative case when θ goes to 1 2 .
Introduction
The following system of equations is known as the Hirota-Satsuma coupled KdV system (HS-coupled KdV) proposed by Hirota and Satsuma [1] , which describes interactions of two long waves with different dispersion relations. In [2] , Hirota and Satsuma showed that the HS-coupled KdV system is the four-reduction of the KP hierarchy and its soliton solutions can be derived from those of the KP equation. The Lax representation of this system has been constructed in [3] by Dodd and Fordy. Different properties of the HS-coupled KdV system have been constructed such as Backlund transformation [4] , Darboux transformation [5] [6] [7] , bilinear form [1, 8] , and Painleve property [9, 10] More recently, the noncommutative geometry (NCG) [11, 12] has attracted attention from many researchers in physics [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . On noncommutative (NC) spaces, the noncommutativity of the coordinates is defined as follows On the other hand, the multiplication of two arbitrary functions f (x, p) and g(x, p) on the two dimensional NC phase-space has been shown to satisfy the star product law defined as follows: [20] [21] [22] [23] [24] [25] [20] [21] [22] [23] [24] [25] :
In the following section, we make a short review of the noncommutative Lax pair generating technique [26] [27] [28] which is relevant for this work. This technique will be useful to derive the noncommutative extension of the HS-coupled KdV hierarchy and obtain its associated Lax pair operators. A more detailed analysis in the commutative case can be found in [29] [30] [31] [32] .
Noncommutative Hirota-Satsuma coupled KdV hierarchy
An NC partial differential equation which has the Lax representation can be reformulated as follows: The main idea of the NC Lax pair generating technique is to find a T-operator satisfying (2.1) for a given Loperator. For this we have to consider the following ansatz on the T-operator, namely
where p n are nothing but the momentum operators. With this last ansatz, the problem reduces to find the ∼ Toperator. Now, let us recall that the momentum Lax operator of the θ -deformed HS-coupled KdV hierarchy is defined as [3] 
The T -operator can be written as follows:
Straightforward algebraic computations based on the NC Lax pair generating technique lead to the explicit forms of the set of Moyal HS-coupled KdV hierarchy. The results are as follows:
• For n = 0 , the NC Lax differential equation (2.1) leads the 1st-order NC HS-coupled KdV equations.
The NC Lax pair is given by
From the NC Lax differential equation (2.1), one finds
with the following system of 1st-order NC HS-coupled KdV equations
∂x 2 and so on. Hence, the NC Lax pair for the 1st-order NC HS-coupled KdV equations is explicitly given by
• For n = 1 , the NC Lax differential equation (2.1) represents the 3rd-order NC HS-coupled KdV equations.
Then, we can take the ∼ T -operator as the following form 
14)
The left-hand side of Eq. (2.14) is explicitly given by
Identifying Eqs. (2.14) and (2.15) leads to the following constrains equations:
Hence, Eq. (2.13) becomes
Furthermore, one obtains the following system of 3rd-order NC HS-coupled KdV equations:
This coincides with the standard HS-coupled KdV equations given in Eq. (1.1) once the limit θ → 
Let us note that the same analysis used for n = 0 and n = 1 is actually extended to build the 5th-order, 7th-order and the 9th-order NC HS-coupled KdV equations and their associated Lax pair operators.
• Now, for n = 2 , the NC Lax differential equation given in Eq. (2.1) yields the 5th-order NC HS-coupled KdV equations.
and
From Eq. (2.1), the ∼ T -operator is explicitly given by
After calculation, we find the following system of 5th-order NC HS-coupled KdV equations:
Hence, the NC Lax pair for the 5th-order NC HS-coupled KdV equations is explicitly given by
(2.26)
• Similarly, for n = 3 , the NC Lax differential equation given in Eq. (2.1) becomes the 7th-order NC HS-coupled KdV equations.
The ∼ T -operator is explicitly given by
Finally, we get the following system of 7th-order NC HS-coupled KdV equations:
Consequently, the NC Lax pair for the 7th-order NC HS-coupled KdV equations is explicitly given by 
